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TAUBERIAN THEOREMS ON GENERALISED 
LAMBERT’S SERIES 
BY 
V. GANAPATHY Iver. 


I. Introduction. 


l. Let 0<r, Ngee SA... An—>e and a>0. We 
consider the series 
Se ered (1) 
ee eee ik rie 
where s=o+it. The series (1) may be called the Generalised 
Lambert’s Series which, when X,,=n, a=1, e~S=4, reduces to the 


ordinary Lambert’s series. It can be easily proved that the 
series (1) converges, if it converges at all, in a half-plane 
o>0,>0'. In what follows it is supposed that the half-plane of 
convergence is o>0 and that s=&—->0 through positive real 
values. The object of this paper is to prove for the series (1) 
the analogue of the following theorems for Dirichlets’ series :— 


Theorem (A)2.--Let f(s)= Xa, e~A»converge for R(s) >0 
and let f{(s)—»A as s—>o through positive real values. Let, 


- An—An— th a 
further, an=O ( | Then San=A. 
i l 


Theorem (B)8.— Let a,>0 and f(s)=%a, e—>* ~ 
Ase 1(*) as s—>0 through positive real values, where a>O 








1. It can be proved, by partial summation, that the two — series 


an ens ate ; 
-__——— and 3 d,e—“n* converge at the same time for agd>o. 
l—e” Buns 

Here fi<f2°*** and Mr, If fn=aXrn, this series becomes that 


considered in (1). 
2. J, E. Littlewood, “The Converse ot Abel’s Theorem on power 
series”, Proc. L.M.S., (2), 9 (1910), 434—48. The procf given in this paper 


r : 
‘assumes -—-— 1 as n—0o. For a proof without any restriction on 
Met 
An», see K. Ananda Ray, ‘On the converse of Abel’s Theorem”, Journal of 


the L.M.S., Vol. 3, part 3, 200—205. 

3. Hardy and Littlewood, “ Tauberian Theorems concerning power 
series and Dirichlet’s series whose co-efficients are positive”. Proc. L.M.S., 2 
(13), 1913, 174—191. 

10 


74 


and L(u)=(1, "W hoide Bets: (l, u)%, where /,w=[log log....-. 
(ry times)] (w) and the first a,~0 is positive. Then A,= 
wl A i 

ram r( P(at1) An L(An). 


2. Inorder to prove analogous theorems for the series (1), 
the following theorem, due to N. Wiener4, is used in the 


sequel :— 
Theorem (C)5.—Let f(w) be a function bounded in (0, » ) 
Let w N(w) be a function Pea to L, in (0, ©) such that 


hare ae N(@) wo dw 
does not vanish for af wee of u. Let 


ae) fee) f(w) do=A f¥@) de. 


Then, it w /(w) be any function belonging to L, in (0. icogs 


we have, 
eof M (ke) J(w) d(w) = =i) aac ser 


3. The analogue of theorem (A) is proved in section II and 
that of theorem (8) in section III. Finally some examples to 
illustrate these theorems are given. 


II 
4. Theorem Perris 
f(E)=ag She (2) 
Seep ae 


converge for every &>0, and let 

f(&)-+A, as &->0 through positive values. 
Let 
1 1 re 


Cia) Hae Tysa (a+2)s+ Oe Wi wat 





4. N. Wiener, “Tauberian Theovenent Annals of Mathematics, second 
series, Vol. 33, No. 1, pp. 1—100, Jan. 1932. See page 25, theorem VIII 
Theorem (C) quoted above is obtained from the last theorem by a simple 
variable transformation. 
si 5. This theorem can be stated by saying that for a bounded sequence 
if an average of a particular kind, with some restriction, exists, then 
averages of all kinds, where the ay eraging function belongs to L,, also 
exist, 
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have no zeroes on the line R(s)=1 when awe And let 
a 


an= _ 
ete ae Es Jeni t GAs 7a slot ee <tskre o's (4) 
00 
Gy, 
Then > 1 converges to the value A. In particularif a=1, 
yo™ 


(3) does not ag on k(s)=1 and so the theorem is true. 
Conversely, let =: ~ converge to A. Then, without any further 


assumption, (2) converges for €>0 and f(&)—>4 as E->0. 
Proof—tThe proof is based on the Serle lemmas :— 





Lemma (1-a).—Let Oe) PEE. a Then, there are 
aay é 
positive constants Rass ete ge depending on @ only such 
that 
h(3)| < «(ayé, 
for O<E<7n. 


Proof —Let B>0 and 0<é <1. Then, 


h(E) —B 3= -——= {abe * —(1+88) (ena) | 
va ‘Ve @ 4. . i ) 
= PG 1-8) + Ex(E 8) | 

where Beek =, <K<aete*(14+8) for 0<&<l. Hence 
as test 4 . ar ears sy = a 
if @=| 53-1141, h(E)—BEXO for O<EK I =n) 
Similarly by considering h(£)+8&, we see that, by taking 
1 
=p || +1, h(€)+fES0 for Ox S— eer ay =7(«). 


Hence, 
|h(E)| <B E=(|$ —1|+1) E=«(@E 
for 0<£ <n(a). So the lemma is proved. 


Lemma (1-b).—Let A(o)=2 = A(w)=0 0<a <j. 
An <@ ry 
If f(€)=O(1) as &->0 and an satisfies the condition (4), then 
A(w)=O(1) as o>. 
Proof.—There is a C such that 
| a, | <C(An—An-1). 


Now, we have, A: 
a Mné eT Ant 1}4 a),a ana & e~' e-™ 
fE)—A(w) = fri Ey 


An<@ l—e¢ An>@ l—e 
HS, 485 1 SAY. creeper rere ee eee eee O) 
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By using Lemma (1l-a), we see that, if w E=n(a), 


< Ec (MM) «(ay mt 


Recs 
< C Ew k(a)=C (a) H(A). cere ee eee eeees (6) 
Also 





g> (An—An—1) e—Ané 
An>@ le agin 


<Caf&2 my lal: ; ed | 


|S, |<Ca& 














An>w 1-e> 
An+1 d e—*E 
PROXY > ae ie rae me a 
An>@ An Ba lee ceed 
<Cat f (x) = dx 
neal —e ee 
ge el 
=( 2 x |—|———l dv ........... 7 
Soe dx l—e- (7) 


Combining (6) and (7), we have from (5), | f(&)—-A(w)| 
<H(a) where w &£=n(a), Hence letting o> througharbitrary 


values and £0 through the values ae) we see that since 


f(E)=O(1) as &+0, A(w)=O(1) as w—>0o. So the lemma is 
proved. 


Proof of theorem (1).—Since f(E)->A as £->0, and an 
satisfies (4), we have by Lemma (1-b) that 
A(w)=O0O(1) aso—>o, 


Therefore, 
ay An e—~AnE 
f(€)=a Fz Pi akg 5 05 
fa d[{ we- wé 
pa folesot_—a)% 
one 
=F A(w) N(w&)dw 
f 
>A AS E>) ot ee S783 veegen tiene 
d we @ 
h —_ : 
where, N(@)= AG ne ent): 


Here we use theorem C. Obviously w N(w) belongs to J 
s “1: 


77 
Also 


h(n) = —— oe 
Ces Ti fe nF a (“) om da 


‘bg 2 « 
sae TE J des au —_ ‘| Oe etG oe 


—p, eAtin) c% wittre-0 
A—>0 Vaz o ]-—e—e 


—I[t aio win+r.| [e—o+e-» (1+@)4. | dw 
A>  V2z 





—W By : (ad +1) we: (1 
ro noe +iu) S(1+A-iu,- 


1 
=e ae P(1+iu) e( 1 +in ‘| 


=-0 
by hypothesis. The positive quantity » is introduced to make 


0 
term by term integration possible. Also f N(w) dw=1. Hence 


12) 
all the conditions of theorem (C) are satisfied when N(«) has the 
value (9). So we can replace N(«) by any function N (1) in (8) 
where u N(w) belongs to L,. 


Let (1; 0<+)<) 


M(#*#)= (0, a Si. 
1 
Then we get from (8), putting f=— , that 
1 a 
afi ati ydias Ay aslw+ oe (biediged, eee AIO): 
° 


But the left side of (10) is the Riesz’s mean (type An) of the 


an 


first order for the series > s and (10) says that this mean exists. 
iW 


But =U (“| by (4). So by a well-known theorem. 
n Ni 


io 8) 
A(w)—>A as wo, that is 2 a =A 
1 


00 
Conversely let 2 =A. Then A(@)->A as @->~D. 
1 
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Therefore (10) is valid and can be written as 


Cc 
é f M(£w) A(w) dw—>A as E>o,......... (11) 
: Oo 
Pin waved 
where Min} (0, ae ie 
fe 1 


Also, ae if M («#) #4 dx= =+-0 for any real u. 
V an a 


V 27 (1+ iu) 

So by theorem (C) wecan replace M(4#) in (11) by N(u) 
given by (9). So the conclusion stated by the relation (8) 
is valid which proves the converse part of theorem (1). 

5. Kemark on the converse part of theorem (1).—The 
converse part of theorem (1) is the usual Abelian theorem for 
the series (2). It is not necessary to use theoren: (C) to prove 
it. An alternative method is given below :— 

We have, A(w)—>A by hypothesis. So, 
he 


f(&) -A=a E{ [4(w)—4] ES (a) Ge 


2. fle) -4| N() do 


“WE 00 
sibs) 
° : VE 
=0(1) VE+0(1) O(1), as E40 
=0(1) as &>0 
because, 4 (G)=0(1) in 0<w <VE and A (2)=0 (1) in 
= ie.¢) 
VE<w<a as £0 and f | N(u) | du is finite. Hence 


° 
f(€)->A as E50 asis to be proved, 


iif 
6. Theorem (2).—Let a,>0 and A(w)=> = Let 
Anko 
oC n 
f(e)=apy men Are AS be ao (12) 
as €->0. Here B>0 and 
LE(u)=(1, 4)™ (1, u)% ,... (Sy M Te ws ven cate (13) 
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. ay) 


where /, (wu) =the kth repeated logarithm of u and Ce 
are any constants whatever.6 Let 


c(148+iw,*) Sheard eet Rohs. (14) 


for real u, which is satisfied when (1) a=1, B>0 and (ii) B 
greater than some positive constant depending on a when a=] 
Then, 


A(w) ~ —— — S fubxev weiss a otees( 15) 


as w—-> oo. Conversely, if (15) be true, then (12) is true 
without any further assumption on an or on the non-vanishing of 
(14). 
Proof.—We shall, first, prove several lemmas :-— 
Lemma (2-a).—Under the hypothesis of theorem G2); 


A(@)=O(of L(w) ) asa oo. 


Oe 6-5, 

— isa 
—e—ar 

monotone increasing or decreasing function of x according to the 

value of @ in a certain range 0<4 <n(a), where n(a) is a 

positive constant depending ona. So there exists a constant C(a) 


such that, if w£=n(a), we have, 


0o<A(w) <C(a) ak > 
An<@ 


“o[+(3) 


since a, >0. So the lemma is proved. 





Proof.—It can be shown by differentiation that - 


ane Ang 
1—e— aA, € 


Lemma (2-b)7.—Let n, be such that /, (y,)=1, so that 
1, (“)>1, (k=1,2,...7) for u>n,. Let L(u) denote the same 


function as in (13) with a5... a, replaced by their moduli. Let 

6. Usually it is supposed that in (13) (1) @; =a@,= ...a,=0 or (iit) 
the first a,=-0 is positive. But this restriction is not necessary. The same 
remark holds as regards theorem (BP) which could also be proved by the 
methods of this paper. 

7. The formula (13) does not give real values of L(u) for sufficiently 
small values of u. Since L(i#) is considered only for large values of x 
We suppose that it is defined to take a continuous set of values lying between 
two positive bounds for 0 <u <n, so that L(w) as well as 
is bounded for these values of uw. 


1 
L(u) 
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h be a positive constant and w? a sufficiently great positive 


quantity. Then, 


LG 1 | 
(1) =O} ip (7) uniformly for 0<u <é,. 





L(g 
3 ; 1 
(11) & =) L L(F) J sitar for &, qu< a h 
L(G) Sez 


Ss _ 
(iii) () —>1 uniformly for ( ahs ti (ral 
oO 
(CG) > 
as E—->0. 


(ivy SE <0 {EG 


ay 


Here the O-signs refer to the variable & as it tends to zero. 


) | for u™>u,_) uniformly. 


Proof.—(i) This follows from the convention adopted in 
footnote (7). 





(ii) Wehave, O<L($) <x [ (re) <L (;) 


Il i tak 
for &),<u<—,-, and cay pe yt (2). So (11) is true. 


Ri(e 
(log e z) 
a , ] 1\A 
(12) We have, in — TG, <uc (tos J) 
(log z) : 
E 
1 
4 (a}=4 (;) +400 
Al, 4 
g 





~~ 
ty 
—__ 
rl 


l ‘i 
|sot (eas (ctaeee eee | 92 |= ACen ; ) 
Lod; 


and soon, Since ,,4,....tend to zero uniformly as &»0 we 


re 


get (12) whatever @), A5,....ay be, 


81 
(iw) Let ug> ny. We have 


I, (3 )=4 (u) +1, i so that 


l 
<= (2) <2] 1 (%); 
i(@)- 


Hence, 


f € is sufficiently small. 


ut 


war ) 
mG)> 
Therefore in all cases, 


L(:) 
Lee [L(u) | 
L () 


uniformly for all uSwuwo. So the lemma is proved. 


-<l, (#)+log 2 and so on. 





co 
Lemma (2-c).—Let g(&)=é { 


Ing 





where H(u) is 
(1) bounded over any finite range 
(ii) © (e-UA), A>0 as u-+oo. 
Then g(é)=0(1) as &-»0. In particular the lemma is true 


d ue—u 
du e au —] 


Proof —Let h=1+2 |a,| in Lemma (2-6). We have, 


Ge)= = eR 


EN, (log Foe sito as) 


uid be 


if H(u)=uP where BDO. 








Hr) dz 





=) i Enr bi isa 
E 
=S,+5,+53+54, say. 
By Lemma (2-b) (iv) and the second condition imposed on 
H(u), we can find uo so that ISyl< 5 . Let wo be so chosen and 


fixed. Now, by Lemma (2-b) (i), (ii) and (171) we have if € is 
sufficiently small. 
11 
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Si= Max; 
1.-; 
(loss) ‘<4 <tlo 


=0(1) O(u). 











Hence we can find a £0 such that for O<é < £0. 
S,+59+53<e/2. 


So 0<g(é) <e for O<é <é. So the lemma is proved. 


L(t) 


L(@) ; 


da—O as wo. 








xO) 
Lemma (2-d). Mw) == | | 
(e) 


Proof—In lemma (2-c), take H(*#)=1, o<* <1 and 
H(#)=0 for *>1 and put =é = 


Lemma (2-e)8—If f(«) he such that x f’(#) increases as x 
increases to infinity and $(4) be a positive increasing function 
such that ramet then f(+)~(*) involves f’(+)~d¢’ (4x). 
In particular we can take $(4)=Aoht! L(@w), B>0. 


Proof. 
footnote (8), 





For a proof, reference is made to the memoir cited in 


Proof of theorem (2)—By Lemma (2-4), A(w) = 


; A(@) Seca 
O(w? L(o)|. Let B(e)= w8 L(w) , so that B(w) is bounded. 


Then, the relation (12) could be written as 


5, ioe) 
Lt at B(@w) Lio) (wé)B - ( ne eS Be a .. (16) 
&>o L(Y. As Tae 
Since B(w) is bounded, we see by using Lemma (2-c) that 
ie } 
ct é BY w) Ni ot yet yo.) ieee 7 
ree 4) (eeces (17) 
or, ii d [ we~® 
where A (o) =awh- {2<") ch SSO os se keekts y ated een (18) 


Sed Uae Le 
; po? Re in fooinnte 72) a eens 
5, See the paper quoted in footnote (3). an 
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Now we apply theorem(c) to (17). Here, 


fae Rae eo) A 
f NC) iste f ip Z| meno “I oe 
Ay / 


© \e—%q 1 








a( B+ 11) J TAL 1 da 
__p— ae 
= 2440 F480 cage 


==0 


by hypothesis for any real w. Now (17) could be written as 





cf (0) Nae) epg te Act te) Re 
ar(e+1) cet, ;)%s eee 


as €-»0. Since B(w) is bounded. we get by theorem (c), by 
taking 


mae {75° SES 
1 
that, é e fiz B(w) (wé)B dw > paella 
0 ” a(B+1) P(B+1 e(B+1, a 
= Be si A ag (20) 
Putting s=_, we get 
ea) “a di» a1 ee en e200) 


since A(t) =B(t) t8 L(t). 


1 @ v doi) rAd 
Now, Peassacs J A(t) atari J AEs at| 
1 2 L(@) 
<arte| J A) Ly) 
L(t)_, | dt, since |A(t)| <et8 L(t) 


<Ef L(o) 


=0 (1), as oe, by Lemma (2-4). 


Eva 





So, fan dm ae SESH ee ee) 
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Since A(t) is increasing function of (t), we see that 


w 
w A(o)=o. ie 4} A(t) dt is increasing. Hence by Lemma (2-e), 
@ 
O° 


we get 
A(@)—K.@P LS). oxo gcay seep epee eens (15) 
as is to be proved. 

Conversely if (15) holds, so does (21) and by Lemma (2-d), 
(20’) and hence (20). The relation (20) could be written as 


é fa M(éw) dw>K fm) ae 


ms 1 


and f M(@) ot do= ara 
° 


Hence we can replace M(w) by N(@) given by (18) and 
conclude that (17) is valid. By using Lemma (2-c) we see that 
(16) holds which is nothing but the relation (12). 

7. Remark.—-By using the Lemmas (2-c) and (2-d), the 
converse part of theorem (2) could be proved, as in §5, without 
the use of theorem (c). It is to be noted that the hypothesis 
A(w)~CoB8 L(w) is not equivalent to A(An)~CdrnPB L(An) 
unless some more restriction is placed on the sequence (An). The 
relation A(o)~Cof L(w) implicitly contains the assumption 
that 


-+-0 for any real u. 


i 


(7) incase B>O, al as N—> oo, 
nN — 


hr dane Ig Xn 
(#1) in case 8=0, a, =. ..=ay¢_1=0,/a~=-0, —_—— ->]l as 
Le An—1 

m—-> oo. 
. Since, in the direct part of theorem (2), the relation (15) 
is proved to be a consequence of (12) without any hypothesis on 
An, it follows that (12) involves—whenever an>0 and (14) is 
valid—the relation stated in (7) or (i) above. 


8. Examples.—(i) The familiar relations 
io) ioe) 

e(n) A(n) ' 
(a) ~ 7 0. ~— (b) 2 (hve des canines (22) 

can be obtained by applying theorem (1) to the known results 
: —m(n) eng ‘ he —né 
(a’) é > =te—§ (b’) é ys (n) ee 
I 


1 1—e—"é 1—e—né 


bg > 
=té ~ ead Oks ae Ole (22’) 
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where (7) is the Médbius function and rA(n)=(—1)?, p being the 
number of prime factors of » counted according to multiplicity and 


(1) =1. 


(71) Let $(”) be the number of numbers less than » and 
prime toit. From  $(d)=n, we get 
d/n 


—né =2 
é> PO) ea e—& (1—e-é) ~ 24s E&—>o.. (23) 
Toe 
Since ¢(”)>0, we get, by applying theorem (2) with An=n. 
Baer, that 


elo 
Aw)-= Ee ae (23") 





From (23’) we get 


B(w)=Z $(n) 
ngQow 
=z ths 
n<mIw 
2 6 
=| 14001) | ys 32 {1+0(1) | 
( n<(w—1) 
302 
=F 11+0(1) } 
302 Y 
ead, i Sa URGES CORTES OES OREN: TLD pe RT NLR awe SIRS SRT hj e 8B Sard wie 8 (Z3 ) 
(iit) Let py, Po b3---->- be the successive primes, Let 


II(#) denote the number of primes not exceeding x. Let c(n) 
denote a positive function of m and let t(m) be defined by the 
relation 


UM Se ) PEO ok tho NRG Ll aS See E ME Dy (24). 
ba/n 


Then the following results are known :— 


CO 7 < [oa] 
> oC) et x Tene a ee eee (24) 
Ey 
(a) I(*)~ log x | 
iy HORE oul CAE Pee 24’) 
ay pn iy bis Sigsd os. wie sranh @ oer o8 Ns ( ; 
(8) se log pn | 


(y) pu ~n log n) 
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(iti-a) Let c(m)=1. Then 7(n)=the number of distinct 
prime factors of n. Now, 


A(a)= Dd CEA log’ ws %...$¢ cals oy oe eee (25) 
— pn 
by (8) and (vy) of (24”). So by the converse part of theorem 
(2), we get by (24’) that 


S 1 
ED r(n) e—rE~log log = ; 
l 


fo 0) 


or > t(n) e—"é ~E—1 log log PTL a he ere (25’) 
1 
Hence by theorem (B), since tT(n) >0, we get 
B(w)=>, 1(n) ~w log log © ......0..cecccvecses (25”) 


nNQw 

(wi-b) Letc(n)=n. Then 7(7)=the sum of the ranks of 

the piime divisors of n. Here 
n 


A(w)= it 
() ae a Copeyere .. (26) 
by (8) and (vy) of (24). Hence, as before, 
oO 
2 1(n) e—n§~E(2) é~? oe Wate. Bee, Sete nae 
l (log ay 
So by theorem (B) oe aes Ole 
B(w)= D> r(n ss ” 
nite ( \~ es (log (log w)2 °° ee ee ee se ceve (26 ) 
: a 1 72 
sitive’ (2) = deere 


ion! (w-c) Let c(m)=pn. Then rt(n)=the sum of the 
distinct prime divisors of n, We have, 





AWw=> 2 S51 ee en oe (27) 
PnSo pn PnSo log oe 

by (a), (24). So we have by (24’) 

ie @) 
= : Lvs 
2 t(n) e—né ~¥¢(2) é—2(log 2) BRO OROR ETT ik 
Hence by theorem (B), 
a we 

B ®) — ee 

(wo)= 2 r(n) 12 log ott rs tea tees (27”) 


n<w 
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9. Note. The conclusion of theorem (1) still remains true 


when the condition (4) on anis replaced by the following more 
general one :— 


n 














p r p | 
= (X 5] (Av—Av—-1 ) =O(An) | 
R= ae 
: : r..(Xp) 
. av res 
: arene Av—Av—1) = An 
that is, & ||P Ov—ay) =0000) | 


where / is a positive quantity greater than unity. It is easy to 
prove that if (4) holds, then (Xp) is true for all p>1 but 
not conversely. Hence (Xp) is a more general condition than 
(4). Theorem (1) is valid even when p=1, provided in that case 
the O-sign in Xp (=X1) be replaced by O-sign. 


AN EXTENSION OF 
HEILBRONN’S CLASS-NUMBER THEOREM 
BY 
S. CHOWLA. 


Let h(d) denote the number of primitive classes of binary 
quadratic forms of negative discriminant d, Heilbronn! has 
recently proved that 

Theorem I. 

h(d)->« 
as —d->o. 

By a slight modification of Heilbronn’s argument I show that 

Theorem lI. 

h(d) 
t 
2 
as —d->o, 
where t is the number of different prime factors of d. 
Both these results were conjectured by Gauss,2 





—> co 


Theorem II is equivalent to 
Theorem III. 
p(d)—>e 
as —d—>o, 
where p(d) is the number of primitive classes in the principal 
genus. 
We shall write 
h(d)=H, p(d)=P. 


We assume, with Heilbronn, that there is3 an m>0O and a 
character y(#) (mod m) such that 


iva) 
L(sHL(s, x)= = x(n) n~* 


n 











ee ee 

1. Quart, J.of Math., (Oxford), 5 (1934), 150—160. Hereafter referred 
to as Heilbronn. I am very much indebted to Dr. Heilbronn for an ady 
copy of his manuscript. 


2, Disquisitiones Arithmeticae (1801), Art. 303, 


ance 


3, If there is no such m, then, by a theorem of Hecke, 
Vidi 
h(d) >< log | d | (d<—l), 


so that Theorem II is then certainly true. 
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vanishes for s=p where 


(1) p=9+ib (3<9<1). 
We further suppose, as we obviously may, that 
m=O (2) 
so that 
(2) x(n)=O for n=O(2). 


We follow the notation of Heilbronn except that the constants 
implied in our O symbols are independent of H and t¢. 
Lemma I, If 
2 
(3) al (ad), (@,2d)=1 [a> 1] 
and if 
2 2 
(4) 6,2 +5. xy + £9) (les<P) 
are the P classes in the principal genus then there is an s with 


1<s<P such that 


-. _2P 2 2 
(5) @ =a,4 +b, #y+e,y (yO). 


Proof. Now res can be represented by the P classes of the 
principal genus and not by any of the other H—P classes, The 


: 4 ; 
number of representations of a ___ by these P forms, is, by a well 
known theorem,! exactly 


2 (2P+1)=4 P42. 
2 2 y 3 elke : 
Now ax +b. xy+c y can represent a with y=O in at 


ar : 
most 2 ways. Hence the P classes (4+) can represent a with 
Zr 
y=O-in at most 2P ways. It follows that a must have at ieast 
one representation by 
2 4 

ax +b. xy a 

with yO for some s in |<s<P. 
Lemma Il. If 


emia aj 1.0 | (x —¢) 4 loll 
then 


ap sia 


Proof. From Lemma I there is an s (l<s<P) such that 
tm 2 2 

a =a # +b xyte.y (YAO) 

or 


2 2 
(8) 4a.a =(2a,x+b,y) —dy (940). 








1. See, for example, Landau, Varlesungen uber Zahlentheorie, satz, 204. 
12 
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Further 
(9) I<a,< ey la ae 


From (8) and (9) we obtain me 
In what follows a runs through the minima of the H forms of 
discriminant d. 


Lemma II1.2 
CL emery, ald” for some k>O, then ala) 40, ald. 


Lemma IV. If 
Col) ajd, a=1 (2) 


then io 
2P 3\d 
GEM | a2 V ita 


k SxT 3 
Proof. From (11) and (10), ajyd for any k>O. Hence 
(4), d)=1 for some a,. with a,>1-° such that a,|a. These give 


(a,, 2d) = 1. 
“Barther since a) | (x —4), we obtain from Lemma j Ne 
2P 3|dj 
(13) a, ove i 
(12) follows from (13) since |a|> >a) - 


Lemma V.8 If 
A>O, Ald, 4(A)4O | 
then there is at most one form of discriminant d with minimum A. 


Lemma VI4 If under the assumptions of Lemma V, 
V2 
4 


then there is at least one form of discriminant d with minimum 


| 





Ag 





Lemma VII. For o>}, 


es 


(14) = X(a) a” ‘|> +3 oe | i 
4H 


Ke (or) 


2 Lemma XI of Heilbronn. A 


3. Lemma XII of Heilbronn. ‘ 
4, Lemma XIII of Heilbronn, . 
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Proof. By (2) and (10), 
Pa x(aja-* —- > x (11) gee 
a n|ad 





| 2 x(o)o"— Th Co ane 
Pua, |) Sw ard n|d 


Nxza . 

G5) =f Stayer Stn) 2 (nn | 
| ata n|d | 
a=1(2) na 

Now by (11) and (12), 
(16) & x(a)a*=0 acre) 3 
a d | 4p 
ayd | 
a=1(2) 


_..By Lemmas V and VI, 





L 1 oO 
= t rar 3 
= x(n)ur (n) n> =O t id| :] 
n|d 
n=a 
Ee 
OpEZ gah: SON idieln: 
Further, as in the proof of Lemma X of Heilbronn, 
; aa 
(18) | Do x(m)e"(n)yn~* | > py, 
tn }d 4H 


(14) follows from (15), (16), (17), (18). 
Lemma VIII. For o,<7<2, Sl, 
(19) . L,(s) La(s)=¢ (2s) 1 (1-0 > x(a)a~® 

s p|m a 
1 i o vy 
rm rey 7 te 
eoalliti + (ra +H |d| Ji 

[s—1| 

Proof. When o, <o <2, s#1 we have for ¢(s), the 


expression on the top of page 156 of Heilbronn, 


( ae 
(20). ()=0} ( sa elle" Oe eae aida 
Now 


2 
ops eae 





Es 
(21) Ja d- "|= |G 


wg 
fl 


o 
37 
a1 J 


dol 
fl ee 
NIQ 








2 
a 
(22) =a a . |d| 





(23) aol “ne <|d|. 
(19) follows from (20), (21), (22), (23) and the proof of 
Lemma X in Heilbronn, 
Proof of the main result. 


We put s=p in Lemma VIII. Then we get 
(1-7?) Bxte) 0? 
(24) O=b(2p) TE 2 x(a) a 
m a 


1/0 _§ 
ceo 2 


paler ? + Hild| 


From Lemma VII, 


at 
(25) E xia? | >be +0 ai 2) 6 ie 





Now 
cen) 


is absolutely greater than a positive constant independent of d. 
Hence unless we assume 

(26) P->o as —d->o, 
(24) and (25) contradict each other for —d—>w. Hence (26) is 
true. This proves our result for negative discriminants d where 
d or 4 is quadratfrei, The result for general d<O follows now 
from Lemma I of Heilbronn. 

We could also have proved our Theorem II by using the 
following theorem due to Pepint: 

Tt ° (a,2d)=1, al (x°—d) [a>1] 

2p 2 2 
then a’ =x —dy (yO) 
where fp is the number of classes in the principal genus of 
reduced primitive non-equivalent binary quadratic forms of 
negative determinant d. 

This result is quoted by Dickson in his History of the theory 
of numbers, Vol. 3, page 58, without, however, the necessary 
restriction that a should be prime to d. 

July 25, 1934, 
WALTAIR. 


A te 


1, Atti Accad Pont Nuovi Lincei, 33, 1879—1880, 50—59, This paper 
has been inaccessible to me, 


A LIST OF SELF-RECIPROCAL FUNCTIONS#* 
BY 
Briy Monan Menrorra, 


1. The equations 


F(x)=y2 ff #9) cos wy ay, 


f(#)=V2 f f(y) sin xy dy, 


or, more generally, 


F(a)=f Vay J,(4y) f(y) dy, (1.1) 


where J(¥) is a Bessel function of order v>—4, have recently 


engaged the attention of several mathematicians. A function 
satisfying (1.1) is said to be self-reciprocal for J, transforms 


while a function satisfying (1.1) with the sign of one side 
changed, is said to be skew-reciprocal for J, transforms, 


Several solutions of these equations have been given, a few 
of which might be mentioned: one was given by Bailey} in 1930; 
two others were given, during the same year, by Hardy and 
Titchmarsh.{ Two more solutions were given by Prof. Titchmarsh 
in an unpublished manuscript a little later.s 


Self-reciprocal functions have been appearing from time to 
time in different papers by different writers. A few such 
functions have recently been discovered by the present writer.|| 
The object of this note is two-fold: (1) to collect the more 





* This note formed the last chapter of my Ph. D. Thesis submitted to the 
University of Liverpool in Oct., 1933. 

+ Bailey (1). 

+ Hardy and Titchmarsh (6). 

§ For a brief account of these solutions, see Mehrotra (10). A detailed 
discussion thereof is shortly to appear in the press. 

* A history of these functions has recently been sent for publication by 


me. 
|| These were suggested to me by the work of Glaisher (3). 
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important of all such functions under one head, (2) to show that 
from the formal point of view, at least, all these functions 
fall under one or the other of the five solutions mentioned 


above. 
Following Hardy and Titchmarsh Ff will say that a function is 
R, if it is self- reciprocal for J, transforms, and it is—R, if it is 


skew-reciprocal for J, transforms; also, for Ky and eet I will 
write KR. and FR , respectively. | 


2. Before proceeding to the examples, it seems desirable 
to state, very briefly, the five solutions of (1.1) mentioned above. 
All these formule are subject to appropriate conditions in each 
case, 


(i) If f(*) is +R, 





c+100 
= 1 2s bla 8) 1 dred} i Sage 
m=. pe 2° T(4+4p-4is)p(slacr ds, sof A) 
where W(s)=ty(1+s), er 
- Here, Mellin’s Inversion Formula, . 
2° D(k+Bv-+4s) 4(s) =f “iy hte) d4¥ 1) vtAB3) 
Gi) Tier 21s Kk; | is 
ao c+ico . 
Ly? —1 4 } ire 2 ‘ 
e=! ge J A IO Oh et eta) 
diners che w(s) =p (4), (2.4) 
J (2,5) 
_ By Mellin’s Inversion Formula 
ie.2) 
2M4+1).¢ 340 =35x? . . 
pols)==s J % Gre f(e) cdawt owed e1 (2.6) 
12) 
(iii) The function 
f(x) =a?t a wo e mbalen F(o) a ‘{B’) 


* Hardy and Titchmarsh (6), § 1.4, 
} Hardy and Titchmarsh (6), § L5, 
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where F(o)= =F (>), Sn ee ee pens (2,4) 
is hh. * | | 
(iwjelies Cz vis) KR, 
: K 00 t 
f(x)aax" VET, (Getz) at, (C) 
O 2 
where W(t)=w (: \' 
| (w)a If f(x) is R,, 
‘ 00 
f(a)=aves 7 (ant) w(t) 
EVE ey GD WOU (D) 
where AES ee Fal 
3. Examples: 
(i) Puttihe F(o)=07 7 Ho® (o<a<l), 
in (B’) we get 
tyv—4( 3a es —a, ,t—%a a—1)¢ 
f(*)=2 12 Vat+iet+3a)e 42° “T(3+3v—-}30)4% I 
In particular, when a=} 
Rioy=2, 4 f(z) =2°° +) ra ty). |! 
Vx 
(ii) Putting in (C) it 
— 40 —4 


wos rat (44) 
fif3i a: Vr 2 3 t 
and using a formula saa by Watson, we get 
pies § 
f(x)=2" se 2 | 
We get the same result by waning in (D) 
330 = 
“DG+3 Ly) (4; ) 


See also Bailey_(2) and Mehrotra (9) §°5 (iii) 


v+2 
Vv (t)=— 
Y Vi 











* Bailey (1). 
+ See Mehrotra (10), §§ 8—9, 

* See Hardy and Titchmarsh (6), § 3 (10), 
See Weber (13) 230. A al 

* Watson (11), § ‘13.6 (2). Pere ar es. 


g See Weber (13) 228. 


6 
(ii) Let Heyes?” cos (39° ae 7). * 


Calculating »(s) from (2.6) we get 











f Ty Pat | 
v—1 4 1 
p(s) =2 rot (- Ve ed ) 
l e+ Vs 
1 ) 
—v—1 
ae Vs aoa 
(ata er 
? j 
e 
which satisfies (2.4). 
* 
Liens) =x?” sin (3<°— ze T ); 
which is —K,, 
[ wh 4 | 
v—1 | 4 1 
p(s)=2 Nee) eV. Sct eee 
L rs. Vs 
Ti 7 
Fr =, —v—1| 
a ee) 7 
Veta | 
4 J 
e 


which satisfies (2.5). 


(iv) If, in (A), we take W(s)=P(4—s) where P() is 
an even polynomial, or an even integral function of order less than 
1, we find that 


44? 
Ww 


f(#)=2 = () P(2n-+4) 


is R.. If P() is a polynomial, 


f(x)=e** Q(x), 
where Q(u) is a polynomial. The simplest example, after 
P(u)=1, is P(u)=u’, when 

f(#)=2e 3" (4432242), 5 
sanantonio ge 


* See Bailey (1), § (4.1) and (4.2), 
{ Hardy and Titchmarsh (6), § 3 (2). 
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(v) If f(x)=V J,,(42"), 


using a formula given by Watson*, we get, from (2.3), 
v(s)=a7 27h ve phe 
Dewey yl Ce av 35)’ 
where 0<R(4+4v+ 4s) <R(4v) +8. Obviously, wW(s) satisfies 
(215: 


(vi) If f(x) =#? J,,(42?), 
using the same formula, we get, from Wero)2 
28 P a 
ie T 
s 
YO=<TGtpti lG@tP—b) ’ 


where 0< R($+4v+45)< Riv) +8. Here too wW(s) satisfies 
(2.1) .5 











“s tye —1 ages 
ih ieee ey ean Ore Re 1 ov2—P) 
a pt 
(*>b>0), 
==() (Uccaa-D). 
Using a formula given by Watson,|| we get, from (2.6), 
u(s)= petri. —b naa 
which satisfies (2.4).§ 
; oy 1 ere 
(viii) Let f(x)=at*? (x24 a2) FOTO K, lover Fa2) 
(a>0). 
That this functionis R,, results by elementary substitutions, 
from a formula given by Watson. 
From (2.6), we get 
4 Kay 41) (V2 +02) 
(42-442) FOF) 


Evaluating this integral by another formula given by Watson, *% 
we get . 


a. 





2° r(4+4 prisyio= fe 


4¢v+1) 


Wi=2 (ze) Ky gy (0): 


* Watson (11), § 13.24 (1). 
+ Hardy and Titchmarsh (6), § 3 (8). 
+ Titchmarsh—unpublished manuscript. 
| Watson (11), § 13.3 (4). 
§ Hardy and Titchmarsh (6), §3 (7). 
¢ Watson (11). § 13.47 (2). 
# Watson (11), § 13.47 (6). 
13 
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where 0< —1—v<R(s). As Ky, (*) is an even function of p, 


it follows that w(s) satisfies (2.1). 
x x 
(ix) The function f; =~ i | f:(*)=3, 
according as # is not or is a multiple of 27, is R.. In this case 
the integral in (2.3) has to be interpreted as a Stieltjes Integral. 
We have 


(N+32)a 
a ° sS— ed 
anne ON ES) = vane | x df,(") (a=V2rm) 
(N+32)a@ N 
ear a : sel 3) Sell 
aed x d% 2 (na) 
a 


; ie ae. 
44 Lim a1 NED. _y n= — (2m)? *¢(1—s). 


—"N—00 i 


+s 


T 


1 
Hence w(s) rae PGs) 


f(1—s) 
satisfies (2.1) .* 


(x) Let r(x) be the number of representations of m as a 
sum of two squares and let 


P(#)= se, r(n)—mx, f(x) =-(2@ 1], 


the dash implying the insertion of a factor 4 in the last term of the 
sum when + is an integer. Then f(x) is R,. From (2.3), 


-1Z(2-45) 
8 


al 
2 
i—ts 





2s 4s 
2" D(E-+45) p(s) =4 (2m) 
4 
where Z(s) is the function defined for ¢>1 by 


Z(s)= Bars) L(s) 


ig jellbbas <5) Re aM ae oa hs 


? 





fetes Lee 
Hence W (s) =—2 Bie 4 ion = TERE 
which satisfies (2.1). nee 


1 14-2 . dee j 
(xi) Let f(4)=x?t” 2-® (ker Gaeeh ae 
ro |r |n—r P(r+y+1)° 








* Hardy and Titchmarsh (6), § 5.4, 
+ See Hardy (5) and Hardy and Titchmarsh (6), § 3 (9). 


{ This is atrivial transformation of the function given by Wilson (14) 
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This function is +R, according as m is an even or odd 


integer. From the formal point of view, at least, we get, from 
(2.6), 


n n—r tv+3,r4+v 
(—1 s “i 
ONE aa aa 


¥=0 | Yr |m—r(s+1)"t?t! 


Fey n 8 n n 2 vr 
or i se erie eae? "Cl =) 
\n ich +) r=0 
V5 














—  (-1)"2 faere\ = (—1)"2" (a , 
az = +1) sti} - vt1\s+1] 
|n veAY n i 
"(vit =) In Ve4 7) 
Here, w(s) clearly satisfies the equation 


w(s)=(—1)" a5) 


TNL 


n—1 


ee = lar $¥+3 Rida) 
(xii) Let f(*#)=2> nay } Ky, 4. (never) — ee eee, 
Here, from (2.3), | 


1 CO ee _ gv+4 
2°T (444445) (s) =2 > fe'(ne/? 
n=16 2 


co 
5S Mavs) (52 
aya (ne V 27) dx— ay a Je dx, 
Evaluating the first term on the right-hand side by a formula 
given by Watson, we get 
us Pe 
nm *° 2-1 T(4s) F(h+4v+4s) £(s). 
The integral in the second term is not convergent, but by an 
appropriate adaptation of Riesz’s logarithmic means, it becomes 


r w 
C(4vt+%) Lim 1 ‘dw Sane 
—— ————— a, dx 
2 rr? logr Ww, +4 : 
tian Les 
w . 
which tends to 0 unless s=1, when it tends to infinity. 
r(4s) 
Hence W(s)= dais ets); 


which satisfies (2.1). 


—————— 
i 





+ Watson (11), § 13.21 (8). 
+ See Hardy and Titchmarsh (6), § 3 (10). 
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For the particular case v=}. this function becomes a constant 
multiple of the familiar FR, function 
es (3.1) 
et Ven ng aV er 


co we 
(xiii) Let fe) = E (-1)"-!| 2n—-1) 2 


i ct 
fe |i 
Kiy_3 (2n—1)#N5 : 
mt aca 200 
Here; W(s)=2 7 sa Ne (+48 
ve 23! 1 1 
35 + 58 — zs Se 
That w(s) satisfies (2.1), follows from the functional 
equation of L(s). 
For the particular case vy=—4, the function becomes 





where Li(s)= i 


£ a . 


ak Ant oe ore Be (3.2) 
FOR 
cosh («V5 


(XIV) Sisety (4) = 





ae r Uda xV 7 
2 "| Gti Kyy{ Art) f 





+> (-1)"{ Grt3)9) Rent yeas 
r=0 ( 4 | f 2 \. 


yore) Pa 
re (eras) sent slg 


_—. 
mats 7? 


where Gs (-1) _) oh : 1 
(4r4+1)°  (4r+3)° 





Here, r(s)= 





f= ( 
De ig ae Wks bee, 4. 
“ays hgeviseegs' ost (ae a 


ee 


* The value of the integral in (2.3) when f(x) denotes the function (3.1) 
has been given by Gram. (4). ; 
+ [remark that examples (#t11)—(avii) have occured to me only recently, 


In what follows I have proved : ; 
areTRe proved, only from the formal point of View, that they 











¢ Hutchinson (7) 
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Hence we are required to prove that W(s) satisfies (2.1); in 
other words, that 


33 
“4? p(a+4s) Li(s)=e P(1—3s) L,(1—s). (3.3) 
Hutchinson* has proved esse that if 














ACK POLLED ee 
r=o(ar+b)° 
then 
fo) ae 
_2n * T(4—ks) a 
2 Na fr eer aa vey 2 arg (3.4) 
sin oo” 
ear Gl tel a : 
Ae a Tras) is cee. 


Now, L,(s) may be thrown into the form 


(2) Siete abe oanueetesge 





Putting in (3.5) b=1,a=8 and b=3, a=8, successively, 
we get 





s sin ao bee? 
OG ie BOS) i: A+ ==" 
I 9s T(4+3s) n=1 ee. New i 


rae D145) 
8-3 T4455) 
after a little algebra. This equation is equivalent to (3.3). 





L,(1—s), 


For the particular case v==—-+4, the function becomes 
perk: 
5 cosh (zy > 
>... 
cosh (4V 7) 
oS qv4+4 re 
(xv) = Let f(zy=>. [ rity] Kya] Gre Dev ¥ 
| GH 
re 3V+4 2. 
-= | (3r+2)2] Ky] Gr+2)-VF |, 
at) 


r 





(3.6) 


From (2.3), 
2 qv-+3+%s 
(s)=2"—* (3) l(4+4s) L.(s), 


a a a ae a a 


* Hutchinson (7). 
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1 care 
where L.(s5)= Zapper anil 


1 ee ee | 1 
= ie ge tgs 58h 7s get at ee yet 
We are now to prove that y(s) satisfies (2.1), or that 
3° P4hs) Le(s)am! *T(1-4s) Le(1—s). (3.7) 


Putting b=1, a=3 in (3.5) we get 

‘ _ 2nT 
ba Fo F(1—4s) co y Bae 
V(gtss) n=l Poe. 
tT (1—3is) 


ea i EN Gs ERR oy 
arGrs) 2) 


which is equivalent to (3.7) .* 





(=< 


For the particular case v=—} the function becomes 
( sinh (== | (Fy 
of) ate 
sinh (25 a ie cosh («= ih (222) 


(xvi) Let /(#) = (—)'| Gree] aie Ky ya[ rt 3"] 


7=0 





(3.8) 


-E (=) [caresye]'K eal +38) |, 


From (2.3), 


mee 


WO= Sy (2) “ress La(s), 





io2) 

where L,(s)=> (—1)'| Lee | 
ee, ieee (4r+3)* 
= DEE Nal 
[e pkoew.3* Bit 

If y(s) is to satisfy (2.1), we must have 
si $ Py 
2°~* P(4s) L4(s)=m*?P(4—3s) Lg(1—s). (3.9) 


Now, L,(s) may be thrown into the form 


> vat Viale. cs a 1 co : co 1 
> o (8r+1)* ‘= re: mals [> AR Cae | 


* Equations (3.3) and (3.7) have also been established by Malmsten (8) 
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Putting in (3.4) b=1, a=8 and 62=3, a8 sticcessively, we 
get 








me gun 
L,(s)=— G [Fea _s 4 
nN 


8° T(3s) Eins” n=! Miele 
_{z\s-* Ta—4s) 
=(5| TGs) 5) L,(1i—s), 


which is equivalent to (3.9). 


For the particular case v=1, the function becomes 


sinh (=) 


cosh (2) 


4 


(3.10) 


Sea (oy [cortsye] waa] Or+5)0VF7]. 
From (2.3), 
Heya ZY rad Lc, 





00 : 1 1 
where Bae kal) a be 


If w(s) is to satisfy (2.1) we must have 
i tras) Li(s)=r° T4345) L,(1—s). © (C311) 


Now, L,(s) may be thrown into the form 
ie,2) 


S 1 > 1 |- [= 1 rf 1 
[2 Narre ayy Rise o(lé- 2r+11)° yeapler toys r=0(12r-A 


Putting in (3.4) D=1, a=12 and b=5, a=12 successively, we 











get 
% ed eriaa® ria—s)| $ cos Sah cos 6 | 
f a : D(35) ee! i lesa nt 
S-3 T(4—-35) ) 
L,i=— 
=(5) TGs) bss s), 


which is equivalent to (3.11). 
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For v=1, the function becomes 


1 sinh (x V5) 3 2 sinh (« Vz ) 
us —, (3,12) 
( ee cosh (ral ve -G ees 2 cosh (x ye we 
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Integral 


ee Oe ee ee 
 * That the functions (3.2), (3.6), (3.8) are R 
and (3,12) are Rs, follows independently from f 


(3). 


ar" 
c and the functions (3.10) 
ormulae given by Glaisher 


“ON THE PRODUCT OF 
PARABOLIC CYLINDER FUNCTIONS” 
BY 
S. C. Duar, pD.sc. 


gl. Introduction, 

In a recent paper I have, by a method of transformation of 
integrals, obtained expressions for the product of two parabolic 
cylinder functions with different arguments in the form 

n+m 


Dy (X) Dy (+) =Taa yet ZB nt m—Pnimas “5 (3 
where By. m—, are certain co-efficients and m and n positive 
integers. In fact it has been proved by me that this is but a 
particular form of a more general expression given by 


Dy(X) Din (*) = 


n+m 
Da Ans m—rDOn-m—r (X cosa+- sin a) D,(X sin a—x cos a), 
where 
n—r 9 n(n—1). = (=r pel) 
r! : 








2, mM fe . 
ge At, |? COS 


1 
XF (—n—m; n—r+l; crate 


In this paper an attempt is made to study the case when 
m and n are not integers, 


g2. It was proved by Watson* that the parabolic cylinder 
functions D_,,__1(—1z2) is given by the integral 


1 
Dee 1g2 7 _2y24 2i2 ; 
“ f Pio st a Ni 17) eae Gy 


D_»—1(—12) —D(n41) e 


when arg. u=0 and n>—1. 
From this it is easy to show that when n>—1 
tn .n+1 —it ig? OF —2u2-+ Zien n 
Diz) ss bi 2 (27). 7 2e e u du (2) 
— 0 


er 


* Watson: Proc. Lon. Math. Soc., Vol. VIII, p. 404. 
14 
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Hence when n>—land m>-—1 and X and # are any two 
quantities, the product of two parabolic cylinder functions can 


be written as 
D,(X) Dy (*) 


00 00 ms 
ak yatta ee eels Xe e*) J Pera M i nak Bo 
— oo —00 
ide nike sf ie A 
1(n+m) ae (der PACA dre ge ee aXe Zia 
== Gens erie aN Tee OREM nba 
SKS 


ue ediladitaes ta 


where Sp denote the square 


—R<uckR 
ea RechiesR 
§ 3. Now, transform the integral by the following substitu- 
tion 
BD COS eee es a Rae) 
ucosa+tsina=U | 


with the special value a=" which is unnecessary for the present 


discussion. 


The double integral (3) integrated over the area given by 


t=0,u=R and usina+t cosa=RV2 [shen “=4] 


gives 
R 2R—t 
ce t ee = LX 
fe t?74+-214r i” dt f : u74+21Xu a” aa, 
0 R 
Now, 
fea —2u?74+2iXu nn * T= 2u* + 2iX al mie 
e “u du=|~—~e u 
BD ee 
1 2iXu df —2nu? n 
e u Jau 


~ 2k =e She 
— 0(¢—2R") +. O(e~2R’) 


and the double integral over the triangle is less in modulus than 


3 »R 
Oe) J eet mo a srehe 
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Similarly the double integral over the area 
u=0, t=R and u sin a+t cos a=RvV 2 
will give the same result, 


' Hence if we denote by 7, the area enclosed by 
—RV2<U <Ry2 
Sl V sil RV 2 
the integral (3) becomes 
D(X) Dn (*) 


2 ntm 
=(1)7r™ ASL sat aie i J J Fav az 


Row 
n+m : 400 00 
=(-1yter 20/2) eect || (one } 
Joe | 
where 
PUT) (U—T) 'e —2(U? Bee et) Us cia) ES 


DSi oe er sy (5) 


g 4. Take the special case when X=, then the integral (5) 
reduces to 


D,(*) Dm (+) 
4 sak gat n m 
ye i58 L(n4+ m) gi oe =f: *f (U4T) (USF) 


—CoO — 
ieee wae WAP ore cr reas a6) 
Now 
(U+T)" (U-T)" 
00 mM—r 77 
ener a eee | 
rT 
where t..(7) 


Bupmar =(—1)™" AD) | 


F(—r, —m;n—r+1;—1)} 


Hence from (6) and (7) we get 
D,,(#) Din(*) 
n--m 0O 


PRE IEA 
(+m) AiG 2. By +m—r 
= 





Pe hrel)a 


200 = CO i - 
xf p—2U?-42y 2ixU +427 u" aus set? ptm" gt 
=O —oo 


(term by term integration is justifiable) 
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3)" n+m-+1 0 (a 


r—0 


ae 2 m—r 
Wa Wr eal S70 (8) 


—o 





(yee: (CV: Bist os jake (xV 2) 





7 


Now, the integral 


ore) 
2 eS r) 
iNew qpitm IT 


—0o 
Lo Lee) 
~~ (n4+-m—r+1)(n4+m—r+3)..(n+m—1) 7 Dn+m(O), 

(when + is even) 
ar—n—m—I ieee 


~(ntm—r+ 1) GR ee Dysm+1(9) 


(when ¢ is odd) 


Hence from (8) we get, 


Date) Da) Dae LO eee 
(V Jr 








2h 
(=) : a 
(n4+m—2r +1) (n+m—2r+3). .(n4+m—1) n+m—2r Dy (*V 2) 
ah he co 
+Dy4m41(0)-—— (\/2)"m 2 
onan Grd ETE ? 
(n—m—2r) (n4+m—2r4+2)..(n+m) By +m—2r—1 Day 41(#V 2) 


.-(9) 


Now, if and m are both positive integers and are equal, then 
since D2, ,1(0)=0, we get 


1 =n! (2r—1) (2r—3 
Dy? (am Don ar(#V2) (10) 


on simplification from (9). 


August, 1934. 





ea eestisttlensteteeeseassttessthesseee- ~- 
Cf, Mitra: Edin, Math. Soc., Vol.IV, p. 32, 





THE 
MATHEMATICAL ASSOCIATION OF AMERICA 


“The Mathematical Association of America” is devoted pri- 
marily to the interests of collegiate mathematics. It has now over 
2,000 individual and institutional members, There are 20 sections 
at present, representing 31 different States. The Association holds 
two national meetings per year and the sections hold one or two 
meetings per year. All meetings, both national and sectional, are 
reported in the Official Journal. 


Application blanks for membership may be obtained from the 
Secretary, Professor W. D. Cairns, Oberlin, Ohio. 


The American Mathematical Monthly 


OFFICIAL ORGAN OF 


The Mathematical Association of America 


Is the only Journal of collegiate grade in the mathematical 
field in this country, 


Most of its mathematical contributions can be read and 


‘understood by those who have not specialised in mathematics 


beyond the calculus. 


The Historical Papers, which are numerous and ofa high 
grade, are based upon original research. 


The Questions and Discussions, which are timely and 
interesting, cover a wide variety of topics. 


Surveys of the contents of recent books constitute a valuable 
guide to current mathematical literature. 


The topics in the Department of Undergraduate Mathematics 
Clubs have excited wide interest among those engaged in teaching 
mathematics. 


The News and Notices cover a wide range of interest and 
information both in this country and in foreign countries. 


The problems and solutions hold the attention and activity 
of a large number of persons who are lovers of mathematics for 
its own sake, 


“CURRENT SCIENCE” 
A Monthly Journal of Science 


Contains readable and authoritative articles; and 
short communications regarding new achievements in all 


branches of Science. 


Annual Subscription Rs. 6 only. 


For further particulars, Apply to: 
The Secretary, 


Current Science, Indian Institute of Science, 
Hebbal P. O., BANGALORE. 





SPHINX 


Monthly Review of Recreative Questions 


Edited by M. KRAITCHIK 
Laureatus of the Institute of France, 


Published Twelve Times A Year. 


Subscription: 7 Belgas a Year. 


Apply to 
Sphinx, 
79, Rue Philippe Baucq, Brussels, BELGIUM. 


